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Abstract 

In this paper we study the star operations on a puUback of integral 
domains. In particular, we characterize the star operations of a domain 
arising from a pullback of "a general type" by introducing new techniques 
for "projecting" and "lifting" star operations under surjective homomor- 
phisms of integral domains. We study the transfer in a pullback (or with 
respect to a surjective homomorphism) of some relevant classes or distin- 
guished properties of star operations such as v—, t—, w — , b—, d—, finite 
type, e.a.b., stable, and spectral operations. We apply part of the theory 
developed here to give a complete positive answer to a problem posed by 
D. F. Anderson in 1992 concerning the star operations on the "D + M" 
constructions. 



1 Introduction and preliminary results 

The theory of ideal systems and star operations was developed by W. Krull, H. 
Priifer, and E. Noether around 1930, and is a powerful tool for characterizing se- 
veral relevant classes of integral domains, for studying their mutual relations and 
for introducing the Kronecker function rings in a very general ring-theoretical 
setting. A modern treatment of various aspects of this theory can be found in 
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the volumes by P. Jaffard jHS, 0. Zariski and P. Samuel [HI Appendix 4], R. 
Gilmer M.D. Larsen and P.J. McCarthy jHl, and F. Halter-Koch HI]. 

Fullbacks were considered in JHI for providing an appropriate unified set- 
ting for several important "composite-type" constructions introduced in vari- 
ous contexts of commutative ring theory in order to construct examples and 
counter-examples with different pathologies: for instance, Seidenberg's construc- 
tions for (polynomial) dimensional sequences jl^l, Nagata's composition of va- 
luation domains and "if-f J{R)" constructions [HHl page 35 and Appendix Al, 
Example 2], Akiba's AV-domains or Dobbs' divided domains Gilmer's 
"D -|- M" constructions j2S], Traverso's glueings for a constructive approach 
to the seminormalization Vasconcelos' umbrella rings and Greenberg's F- 
domains |45l 127) . Boisen-Sheldon's CPI-extensions Hedstrom-Houston's 
pseudo- valuation domains |29j. "Z? + XDs[X]" rings and more generally, the 
"A + XB[X]" rings considered by many authors (see the recent excellent survey 
papers by T. Lucas [SU and M. Zafrullah which contain ample and updated 
bibliographies on this subject). 

It was natural at this stage of knowledge to investigate the behaviour of 
the star operations in a general pullback setting and with respect to surjective 
homomorphisms of integral domains, after various different results concerning 
distinguished star operations (like the v-, the t- or the w- operation) and par- 
ticular "composite-type" constructions were obtained by different authors (cf. 
for instance [12, [E], 0, [n|, (SSI, EI, 0, [3, [23, [SI, [iH, 112, jSHl, and the 
survey papers ^01 and |25jl. 

The present work was stimulated by the papers by D.D. Anderson and D.F. 
Anderson on star operations, and more precisely, by the study initiated by D.F. 
Anderson concerning the star operations on the "/? -I- M" constructions [HI. 

In Section 2, after introducing an operation of "glueing" of star operations 
in a pullback of integral domains, we will characterize the star operations of a 
domain arising from a pullback of "a general type". For this purpose we will 
introduce new techniques for "projecting" and "lifting" star operations under 
surjective homomorphisms of integral domains. Section 3 is devoted to the study 
of the transfer in a pullback (or with respect to a surjective homomorphism) of 
some relevant properties or classes of star operations such as w-, t-, w-, 6-, c?-, 
finite type, e.a.b., stable, and spectral operations. 

We will apply part of the theory developed here to give a complete positive 
answer to a problem posed by D. F. Anderson in 1992 (HI concerning the star 
operations on the "D + M" constructions. 

Let D be an integral domain with quotient field L. Let F{D) denote the 
set of all nonzero D-submodules of L and let F{D) be the set of all nonzero 
fractional ideals of D, i.e., all E G F{D) such that there exists a nonzero 
d <E D with dE C D. Let f{D) be the set of all nonzero finitely generated 
D-submodules of L. Then obviously, /(£>) C F{D) C F{D) . 

For each pair of nonzero fractional ideals E, F of D, we denote as usual by 
{E :l F) the fractional ideal of D given hy {y E L \ yF C E}; in particular, for 
each nonzero fractional ideal J of D, we set /^^ := [D -.l I)- 
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We recall that a mapping ★ : F[D) F[D) , E ^ , is called a semistar 
operation on D if the following properties hold for all ^ x E L and E,F G 
F{D): 

(*i) [xEf = xE* ■ 

(*2) EQF => E* (^F*- 

(*3) E(^E* and E* = {E*)* E** 
(cf. for instance HOI, gl], (SHI, EH and |22). 

Example 1.1 (a) If ★ is a semistar operation on D such that D* = Z? , then the 
map (still denoted by) * : F{D) F{D) , E ^ E* ,ls called a star operation on 
D . Recall [261 (32.1)] that a star operation ★ satisfies the properties (^2) , (*3) 
for all E,F e F{D) ; moreover, for each ^ x e L and E e F{D) , a star 
operation * satisfies the following: 

(**i) {xDf = xD ; {xEY = xE* . 
A semistar operation on D such that D C. D* \s called a proper semistar ope- 
ration on D. 

(b) The trivial semistar operation on D (simply denoted by e) is the 
semistar operation constant onto L, i.e., the semistar operation defined by 
E'^" := L for each E G F{D) . Note that ★ is the trivial semistar operation 
on D if and only if D* ~ L . 

(c) Another trivial semistar (in fact, star) operation is the identity star 
operation do on D (simply denoted by d) defined by i?''" := E for each 
E e F{D) . _ 

(d) For each E e F(L>), set E^f := \J{F* \ F C E, F (E f{D)}. Then 
★/is also a semistar operation on D, which is called the semistar operation of 
finite type associated to ★ . Obviously, F* = F*f for each F G f{D) ; moreover, 
if ★ is a star operation, then is also a star operation. If ★ = then the 
semistar [respectively, the star] operation ★ is called a semistar [respectively, 
star] operation of finite type |22[ Example 2.5 (4)]. 

Note that, in general, ★/ < i.e., E*f C E* for each E G F{D). Thus, in 
particular, \i E = E* , then E = E*f . Note also that -kf = (*f)f. 

There are several examples of nontrivial semistar operations of finite type; 
the best known is probably the i-operation. Indeed, we start from the vd star 
operation on an integral domain D (simply denoted by v), which is defined by 

Evn .= = p -.^ E)) 

for any E G F{D), and we set t_D := («£>)/ (or simply, t = Vf). 

Other relevant examples of semistar operations of finite type will be con- 
structed later. 

A semistar operation ★ on D is called an e.a.b. (endlich arithmetisch hrauch- 
har) [respectively, a.h. {arithmetisch hrauchhar)] semistar operation if 

[EE)* C {EG)* ^F* CG* _ 
for each E G f{D) and all F, G G f{D) [respectively, F,G e F{D)] |221 Defini- 
tion 2.3 and Lemma 2.7]. 

If * is a star operation on D, then the definition of e.a.b. [respectively, a.b.] 
operation is analogous (for an a.b. star operation, F, G are taken in F{D)). 
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Example 1.2 Let t : i? > T be an embedding of integral domains with the 
same field of quotients K and let * be a semistar operation on R. Define 
: F(T) -> F{T) by setting _ _ 

E*^ := E* for each E e F{T) (C F{R)) . 
Then we know O Proposition 2.8] 

(a) If L is not the identity map, then *t is a semistar, possibly non-star, 
operation on T, even if * is a star operation on R. 

Note that when * is a star operation on R and (i? :k T) = (0), a fractional 
ideal of T is not necessarily a fractional ideal of i?, hence *t is not defined as 
a star operation on T . 

(b) If * is of finite type on R, then *t is aJso of finite type on T . 

(c) When T := R* , then *^ defines a star operation on T . 

(d) If * is e.a.b. [respectively, a.b.] on R and ifT := R* , then *, is e.a.b. 
[respectively, a.b.[ on T. 

Conversely, let ★ be a semistar operation on the overring T of R. Define 
-k' : F{R) F{R) by setting _ 

E*' := (ET)* for each E € F{R) . 
Then we know [221 Proposition 2.9, Corollary 2.10] 

(e) ■k'' is a semistar operation on R. 

(f) Jf* := dx, then [dxy is a semistar operation of finite type on R, which is 
denoted also by *{t} (i.e., it is the semistar operation on R defined by E*i^i := 
ET for each E eF{R)). 

In particular, if T = i?, then = dji, and if T = i^, then *{k} = ^R- 
Note that if i? C T, then *{t} is a proper semistar operation on R. 

(g) Jf* is e.a.b. [respectively, a.b.] on T, then is e.a.b. [respectively, a.b.[ 
on R. 

(h) For each semistar operation * on T, we have = 

(i) For each semistar operation * on R, we have {'¥^Y > * (since E^*^") = 
(ET)*^ = (ET)* D E* for each E € F{R)). 

Other relevant classes of examples are recalled next. 

Example 1.3 Let A be a nonempty set of prime ideals of an integral domain 
R with quotient field K. Set 

£;*A .= r\{ERp \ P eA} for each nonzero i?-submodule E oi K . 
If A is the empty set, then we set *0 := cr. The mapping E i— > E*^ , for each 
E £ F{R), defines a semistar operation on R. Moreover |21l Lemma 4.1], 

(a) For each E e F{R) and for each P£ A, ERp = E*^Rp. 

(b) The semistar operation *a is stable (with respect to the finite intersec- 
tions), i.e., for all E,F e F(i?) we have {E n F)*^ = E*^ n F*^ . 

(c) For each P e A, P*^ nR= P. 

(d) For each nonzero integral ideal I of R such that P^ f] R ^ R, there 
exists a prime ideal P G A such that I P. 

A semistar operation * on R is called spectral if there exists a subset A of 
Spec(i?) such that * = ★a ; in this case, we say that * is the spectral semistar 
operation associated with A . 
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We say that * is a quasi-spectral semistar operation (or that * possesses 
enough primes ) if, for each nonzero integral ideal I oi R such that I* C\ R ^ R, 
there exists a prime ideal P of R such that I P and P* Ci R = P . For 
instance, it is easy to see that if * is a semistar operation of finite type, then * 
is quasi-spectral. 

From (c) and (d) , we deduce that each spectral semistar operation is quasi- 
spectral. 

Given a semistar operation * on R, assume that the set 

n* := {P e Spec(i?) I P ^0 and P*r]R^R} 
is nonempty. Then the spectral semistar operation of R defined by *sp '■= ^n* 
is called the spectral semistar operation associated to * . Note that if * is quasi- 
spectral such that R* ^ K, then 11* is nonempty and *sp < * |21[ Proposition 
4.8 and Remark 4.9]. 

It is easy to see that * is spectral if and only if * = *sp . 

For each semistar operation * on R, we can consider 

* := {*f)sp ■ 

Then we know |21[ Proposition 3.6 (b). Proposition 4.23 (1)] 

(e) ? is a spectral semistar operation of finite type on R, and if de- 
notes the set of all the maximal elements in the set {/ nonzero integral ideal of 
R\rf DR^R}, then 

* = *M (*/) • 

It is also known |21[ page 185] that for each E G F{R), 
E* = U{(S -.kF)] F€ f{R) , F* = R*] . 

(f) If * is a star operation on R, then S is a (spectral) star operation (of 
finite type) on R and * < *. 

If * := vu, using the notation introduced by Wang Fanggui and R.L. Mc- 
Casland jTHl) we will denote by wr (or simply by w) the star operation vr = 
(ifl)sp (cf. also EDI and 0). 

The construction of a spectral semistar operation associated to a set of prime 
ideal can be generalized as follows. 

Example 1.4 Let TZ := {Rx \ A G A} be a nonempty family of overrings of R 
and define ★tj : F{R) F{R) by setting 

E*^ :== r]{ERx I A G A} for each E G F{D) . 
Then we know [22 Lemma 2.4 (3), Example 2.5 (6), Corollary 3.8] 

(a) The operation -kji is a semistar operation on R. Moreover, if TZ = 
{Rp I P G A}, then *n = *A. _ 

(b) E*-^Rx = ERx for each E G F{R) and for each A G A . 

(c) If TZ — W is a family of valuation overrings of R, then ★w is an a.b. 
semistar operation on D. 

We say that two semistar operations on D, *i and *2 are equivalent if (*i) / = 
(*2)/ ■ Then we know ((23 Proposition 3.4] and [23 Theorem 32.12]) 

(d) Each e.a.b. semistar [respectively, star] operation on R is equivalent to 
a semistar [respectively, star] operation of the type *w for some family W of 
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valuation overrings of R [respectively, for some family W of valuation overrings 
ofR such that R = n{W \ W e W}]. 

If W is the family of all the valuation overrings of R, then *vv is called the 
busemistar operation (or simply the b-semistar operation on R). Moreover, if 
R is integrally closed, then i?*"" = R (2^1 Theorem 19.8], and thus the operation 
b defines a star operation on R, which is called the b-star operation |2(il p. 398]. 

Example 1.5 If {*a | A G A} is a family of semistar [respectively, star] o- 
perations on R, then Aa{*a | A G A} (denoted simply by A* a ), defined 
by 

£;^*^ := n{E*>^ I A G A} for each E G F{R) [respectively, E G F{R)] , 
is a semistar [respectively, star] operation on R. This type of semistar opera- 
tion generalizes the semistar [respectively, star] operation of type *tz (where 
TZ {R\ I A G A} is a nonempty family of overrings of R; Examnle ll.4|l . since 

where *{_R;^} is the semistar operation on R considered in ExamDle ll.2l (f). 
Note the following observations: 

(a) If at least one of the semistar operations in the family {*x | A G A} is a 
star operation on R, then A*a is still a star operation on R. 

(b) Let L : R ^ T be an embedding of integral domains with the same field 

of quotients K and let {*x | A G A} be a family of semistar operations on R. 

Then , . ^ w n 

(A*a),, = A(*A)t • 

(c) Let L : R^ T be an embedding of integral domains with the same field 
of quotients K and let {★a | A G A} be a family of semistar operations on T, 

(A.a)" = A(.a)' . 



2 Star operations and puUbacks 

For the duration of this paper we will mainly consider the following situations: 

(J)) T represents an integral domain, M an ideal of T, k the factor ring T/M, 
D an integral domain subring of k and f : T T/M =: k the canonical 
projection. Set R := ip~^{D) —: T x k D the pullback of D inside T with 
respect to ip, hence R is an integral domain (subring ofT). Let K denote 
the field of quotients of R. 

(Jj"*") Let L be the field of quotients of D. In the situation (Jj), we assume, 
moreover, that L C k, and denote by S := Lp^^{L) ~: T L the pullback 
of L inside T with respect to (p. Then S is an integral domain with field 
of quotients equal to K. In this situation, M, which is a prime ideal in R, 
is a maximal ideal in S. Moreover, if M ^ (0) and D C k, then M is a 
divisorial ideal of R, actually, M = (R : T). 

Let *D [respectively, ★t] be a star operation on the integral domain D [re- 
spectively, T]. Our first goal is to define in a natural way a star operation on 
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R, which we will denote by o, associated to the given star operations on D and 
T. More precisely, if we denote by Star(^) the set of all the star operations 
on an integral domain A, then we want to define a map 

$ : Star(L>) x Star(T) ^ Star(i?), (★i5,*t) ^ o ■ 
For each nonzero fractional ideal / of R, set 

r n |.-V-^ ((^^^)") I ^ , 7^ 0} n (/rr , 

where if ^''^j'^^ is the zero ideal of D (i.e., if xl + M C A/), then we set 

Proposition 2.1 Keeping the notation and hypotheses introduced in (Jj), then 
o defines a star operation on the integral domain R (= T Xk D). 

Proof. Claim 1. For each nonzero fractional ideal I of R, I C I" . 
We have 

r ^nix-^ip-^^^^) \ x&i-\ xj^o} n IT 
= n {xi + M) \ X £ i-\ X ^ 0} n IT 
= n {/ + x-Hi \ X e i-\ X ^ 0} n IT D I . 

Claim 2. For each nonzero element z of K , (zR)" ~ zR (in particular, 
R" = R). 
We have 

(zRy = n \^x-^ip-^ (^(£2fl±M)*"^ I X e z-^R, x^o'j r\ (zT)*^ 

= z {if-^ (^)) n zT zRnzT = zR. 

Therefore, by Claim 1, we deduce that (zi?)* = zR. 

Claim 3. For each nonzero element z of K and for each nonzero fractional 
ideal I ofR, {ziy = zl" . 

Note that given 7^ z S -ftT, for each nonzero a; G there exists a unique 
y S {zl)~^ such that x = yz. Therefore, we have 

r = n {x-V"' ((^^)*") I x e /-I , X 7^ 0} n (/T)*^ 
= n {m-V-^ [{"^y) I e /-S y 7^ 0} n [iTy- 
= n {z-'y-\-^ {{^^y") I 2/ e (^^)"' , y ^ 0} n (/T)*- 
= z-i(n{y-V-^((^)*°) I v^{zir\ y^o} n (z/t^) 

= z~^{zlY . 

Thus we immediately conclude that (z/)* = zJ*. 

Claim 4. For each pair of nonzero fractional ideals I <Z J of R, I" (1 J" . 
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Since J ^ C / we have 

D n |x-V"' I 2; g /-I , a; 7^ 0} n (/T)*^ = r . 

Claim 5. For each nonzero fractional ideal I of R, I C I" CI'", and hence 
(/«)-!= /-I. 

Since r = n{zi? | I CzR, z e K}, by Claim 2, we deduce that 

I CzR => I" C {zRY = zR, 

hence C 

Claim 6. For each nonzero fractional ideal I of R, = 
Since (/*)^^ = I^^ for each nonzero ideal / of R, we have 

= n jx-V"' I 2; e /-^ X 7^ 0} n (/*r)*^ . 

Note that for 7^ a; G /^^ with xl C Af, we have 

. xrcM (and so a;-V"' ((^4^)*°) = ^"V"' ((^^)*°)), 

since r C a;-V-' ((^TT^)'") ^ ^^'M- 

Now for 7^ X G /^^ with xl ^ Af , we have 

• (^)"^(^r (andso (^)'^" = (^r), 

since 

Lastly, 

• {rry^ c (/t)*^ (and so {rry^ = (/t)*^) , 

since 

r C (/T)*^ ^ C (IT)*^ ^ (/*T)^^ C (IT)*^ . 
Therefore, we can easily conclude 

{ry = n L-'^-' U-i:±My"^ \xei-yx^o}n {rry- 
= n |x--V"' ((t^)"") I a; e /-I , X 7^ 0} n (/r)*^ = r . 

The previous argument shows that o is a (well defined) star operation on 
the integral domain R. □ 
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Remark 2.2 (a) Note that in the proof of Proposition 12.11 M is possibly a 
nonmaximal ideal of T (and i?), even though we assume that M {= M n R) is 
a prime ideal of R. 

(b) In the pullback setting (J)), for each nonzero ideal I of R with I Q M, 
r C M, because r C V"^((Tr^)*°) for each x e I'^ \ (0) and 1 G i? C 
I-\ thus r C <^-i((I±iLL)*D) = A/. In particular, if AI ^ (0), then M = K'P . 

(c) If M is the ideal (0), then T = k and R^ D. In this extreme situation, 
we have o = A (*t)', where l : R = D ^ T = k is the canonical inclusion. 
Note that it can happen that o = A (*t)' < *_d. For instance, let i? be a 
Krull domain of dimension > 2, P a prime ideal of R with ht(P) > 2, T := Rp 
and M := (0) (hence, R — D and T = fc). Set *£) ud and -^t := c^t- Then 
p^i, ^ pvo ^ pvH = ji^ but = P^" n (PT)*^ = P n PPp = P. 

(d) Let il/ 7^ (0). If D = L = k (in particular, Af must be a nonzero 
maximal ideal of T, and necessarily, *_d is the (unique) star operation du of 
D = L = k), then R ~ T. In this extreme situation, we have that o and *t 
are two star operations on T (with o < *t) that are possibly different. For 
instance, if T is an integral domain with a nonzero nondivisorial maximal ideal 
M (e.g. T := k[X,Y], M := {X,Y)) and if *t := wt, then = M by (b), 
but M*^ = M"^ = T. 

If D = k, but D C L, then it is not difficult to see that o = *t if and only 
if, for each nonzero ideal I of R = T with I %M, C (^)*° . 

Our next example will explicitly show the behaviour of the star operation o 
in some special cases of the pullback construction (J)) . 

Example 2.3 With the notation and hypotheses introduced in (Jj), assume, 
moreover, that T is local with nonzero maximal ideal M and D = L is a proper 
subfield of k. In this special case of the situation (t>~''), *d = do ~ eo is the 
unique star operation on D. Let I be a nonzero fractional ideal of R. 

(a) If //-I = R, then I" =1 = P'«. 

(b) If //-I C R, then I" = n (/T)*^. Moreover, if [IT)*^ = x'^T for 
some nonzero x € /"i, then r = /"« (C {IT)*^). If {ITf^ ^ x-^T for 
allxe I-\ then r = (IT)*^ . 

(c) If[k:L]>2 and ifT C Af-^ ^ {R:k M), then dn ^ o ^ vr for all the 
star operations *t onT. 

(d) Let [fc : P] = 2. IfT is (local but) not a valuation domain, then dR ^ o 
for all the star operations ★t on T. IfT — {R -.k M) and if *t = vt, then 

O = VR. 

(a) is obvious, because / is invertible, hence / is divisorial (in fact, / is 
principal, since R is also local) and so / = = /'"^ (C (IT)*^). 

(b) Note that for each nonzero ideal I of R with the property that J/~^ C R, 
we have necessarily that C M. Moreover, for each nonzero x G from 
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xl C M, we deduce that I C x~'^M and so we have that = n{x"^M | x G 
/-^ a: 7^ 0}. Therefore, 

= n ((17)*") I e X ^ 0} n (/T)*- 

= n {x-^M I X e /"S a; 7^ 0} n (/T)*^ = n (/r)^^ . 

In order to prove the second part of (b), note that in this case, for each 
^ X ^ we have 

/ C x-^R ^ / C x-^M ^ IT'Z x-^MT ^ x-^M 

^ (IT)*^ C (x.-^M)''^ = x-'^M*^ C x-^T. 

Therefore, if {IT)*^ — x~^T for some nonzero a; £ then C x~^R C 
x-iy = (/T)^^. Thus, in this case, r = Assume that (/T)*^ C x-^T for 
all 2: e /-I. Then (IT)*'^ C x-^M and thus 

(IT)*^ C n {a;-iM | a: G /"S a; 7^ 0} = , 
hence = (/T)^^. 

(c) Let 7^ a G M, and let z G T \ i?. Set / (a, az)i?. Then obviously 
IT = aT (since z is invertible in T), thus (/T)*^ = aT ^ IT. 

Note that, in this case, (/T)*^ ^ aT C x.-^T for all a; G /"^ As a matter 
of fact, if aT = x^^T for some x G /~^, then aa: = u is a unit in T and ax G R 
(because a G I and a; G Hence, ax is a unit in R. Now we reach a 

contradiction, since we deduce that / C x^^R = aR C /, i.e., / = aR. 

By (b), we have that r = (IT)*^ =aT ^ITDI, hence o ^ cIr. 

Assume also that T C Af-i. Since r = (IT)*^ = aT, = (7*)"^ = 
(ar)"« = a(i? :a' [R -k T)) = a{R -.r M) D aT ^ (IT)*^ = r. Therefore 
o ^ vr- 

(d) In the present situation, we can find a,b <E M such that aT % bT and 
bT ^ aT. Set / := (a,6)i?. 

It is easy to see that / is not a principal ideal of R. (If / = (a, b)R = cR, then 
a = cri, b = cr2, c = asi + bs2 and so 1 = risi + r2S2 for some ri, si, r2, S2 G i?; 
hence either riSi or r2S2 = 1 — riSi is a unit in the local ring R. For instance, if 
riSi is a unit in R, then ri is also a unit in R and so ci? = aR. Thus 6i? C aR, 
contradicting the choice of a and b.) 

Note that / is not a divisorial ideal of R. As a matter of fact, if / = /^", 
then / should be also an ideal of T (i.e., / = IT) by [21 Corollary 2.10]. On the 
other hand, if z G r \ i?, then az G IT = I = [a, b)R and so az = ari + br2, i.e., 
a{z — ri) — br2 for some ri, r2 G i?. If z — j'l G M, then z G ri + A/ C _R, which 
contradicts the choice of z. If z — ri G T \ M, then a = 6r2(z — J'l)^^ G feT, 
which contradicts the choice of a and b. Hence, I ^ IT and so / 7^ T'" . 

If (/T)^^ = x-^T for some nonzero a; G /~\ then (by (b)) = /"« 7^ /, 
and so cIr 7^ o. Assume that {IT)*^ 7^ x^^T for all a; G /^^, then (by (b)) 
r = (IT)*^ 2ITDI, and so (Ir ^ o. 

Finally, suppose that T = {R :k M) and that *t = vt- Let J be a nonzero 
fractional ideal of R. If J is divisorial, then obviously = J = J"". Assume 
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that J is not divisorial, then J J ^ C R. If [JT)*"^ = x for some nonzero 
X G J-\ then (by (b)) .P = J^«. If {JTf^ ^ x'^T for all x £ J-^, then (by 
(b)) J* = (JT)"^. Since T = {R -.k M) = {M -.k M), every divisorial ideal of 
T is divisorial as an ideal of R by Corollary 2.9]. Therefore 

hence we conclude that o — v^. 



The previous construction of the star operation o on the integral domain R 
arising from a pullback diagram gives the idea for "lifting a star operation" with 
respect to a surjective ring homomorphim between two integral domains. 

Corollary 2.4 Let R be an integral domain with field of quotients K , M a 
prime ideal of R. Let D he the factor ring RjM and let Lp : R D he the 
canonical projection. Assume that* is a star operation on D. For each nonzero 
fractional ideal I of R, set 

■.= r^[x~\-^({^y')\ xei-\ x^o] 
= n{x^-i ((ii^)*) I xex, / Cxi?} , 

where, as hefore, if ^^^F^ ideal of D, then we set (p~^ ((^^m^)*) 

= M . Then is a star operation on R. 

Proof. Mutatis mutandis the arguments used in the proof of Proposition 12.11 
show that ★'^ is a star operation on R. □ 

Using the notation introduced in Section 1, in particular, in Examnle 11.21 
we immediately have the following: 

Corollary 2.5 With the notation and hypotheses introduced in (jp) and Propo- 
sition Wjj if we use the definition given in Corollary \2.4\ we have 

o = {*dY a (*t)' . □ 



We next examine the problem of "projecting a star operation" with respect 
to a surjective homomorphism of integral domains. 

Proposition 2.6 Let R, K , M , D, ip he as in Corollary \2.4\ and let L he the 
field of quotients of D. Let * he a given star operation on the integral domain 
R. For each nonzero fractional ideal F of D, set 

F*^- := n [v^ (((^-1 {v~^F)y^ \yeL, FCyo}. 
Then is a star operation on D. 

Proof. The following claim is a straightforward consequence of the definition. 
Claim 1. For each nonzero fractional ideal F of D, F C F*^ . 

Claim 2. For each nonzero z ^ L, {zD)*'^ — zD (in particular, D*f — D). 
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Note that 

(zD)*^ = n [yifi (y-^zD))*^ \ y £ L , zD C yD^ 

C Zip (((^-1 (D))*) = zip (R*) = Zip (R) = zD . 

The conclusion follows from Claim 1. 

Claim 3. For each nonzero fractional ideal F of D and for each nonzero 
z£L, {zF)*^ = zF*-^. 

Given Q ^ z E L, for each nonzero y G L, set w := yz £ L. Then 



F*- = n ly^ [^{ip-^ (y^'F))) \yeL, FCyD^ 
= n|f^((^-i(^F))*) \weL,FCfD] 
= n i^z-^w>p (((^"^ {w-'^zF))*^ I w e L, zF C wD^ 

= z-^ (^n |u)(/3 (^{ip-^ (w-^zF))*^ \ w e l, zF c wd|^ 

= z-\zF)*^ . 

Hence, we conclude that (zF)*^ = zF*-^ . 

Claim 4. For each pair of nonzero fractional ideals Fi C F2 of D, (Fi)**' C 

Note that \{ y £ L and F2 Q yD, then obviously Fi C yD, therefore 

iF2r- - n Lip ({ip-^ {y-'F2))*) \yeL, F2C yuX 

D n [yip (((/p-i (y-^Fi))*) e F , Fi C yi?} = (Fi)*- . 

Claim 5. For each nonzero fractional ideal F of D, (F**")**- = F*f . 
Note that from Claim 1, 2 and 4, if y is a nonzero element of L, we have 
F CyD ^ F*-p C {yD)*^ = yD , 

therefore 

(^*^)*^ = p fy^ /((^-i (y-iF*^))*") I y e i , F*^ C yF>| 

= n [y^ (((/p-i (y"'^^*^))*) \yGL, FCyD}. 

On the other hand, 

F CyD ^ F*^ C yip (^((^-1 (y-iF))*) =^ y-^F*^ C (^((^-1 (y-iF))*^ 
Therefore, 

^-1 (y-i^*.) c [ip ((^-1 (y-^F))*)) = (^-1 (y-iF))* , 

since ((^-1 (j/"^F))* 3 (^"i (y-^F) D M = Ker(v3). 
Now, we can conclude 

(F*v^)*- = n {y^ (((^-1 (y-^F*-))*) I y G L , F C yZ?} 
Cn|y^f((^-i(y-iF))*)*) I y gF, FCyi?} 
= n |y^ (y-^J^))*) I 2/ e F , F C yi?} = F*- , 
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and so, by Claim 1, (F*'')*^ = F*f . 



□ 



In case of a pullback of type (f)^) the definition of the star operation 
given above is simpHfied as follows: 

Proposition 2.7 Let T, K , M , k, D, ip, L, S and R be as in Let * be 

a given star operation on the integral domain R. For each nonzero fractional 
ideal F of D, we have 



Proof. For the extreme cases M = (0) or D = fc, it trivially holds, so we may 
assume that M ^ (0) and D C k. We start by proving the following: 

Claim. Let I he a fractional ideal of R such that M C. I <Z S ~ (p~^{L) 
and let seS\ M. Then {si + M)* = si* + M. 

Choose t e 5* such that st - \ & M . Then t{sl + M)* = {tsl + tM)* C 
(tsI+M)* = (I+M)* = /*. Therefore st{sI+M)* C si*, so st{sI+M)* + M C 
sr+M C (sI + M)*. Put m := st-1. Since m{sl + M)* = {msI + mM)* C 
M* = M (where the last equality follows from the fact that M is a divisorial 
ideal of R), we have st{sl + M)* + M = (1 + m){sl + M)* + Af = [si + A/)*. 
Thus we can conclude that {si + M)* = si* + M. 

Now, let be a nonzero fractional ideal of D and let / := tp~^{F). For each 
element y & L such that F C yD, we can find Sy,ty £ S\M such that (p{sy) = y 
and (p{ty) = y^^ . Using the above claim, we have 

F*- - n{yip{{^-Hy-^F))*) \ y e L, F C yD} 
= n{yv{{tyl + M)*) \yeL, FCyD} 
= n{y^{tyr +M)\yEL, FC yD} 
= n{ip{sy{tyr + A/)) \yeL, FCyD} 
= n{ip{sytyr + SyM) \yEL, FCyD} 
= n{ip{sytyr + SyM + M) \ y £ L , F C yD} 
= n{ip{sytyr +M)\yeL, FCyD} 
= n{^{{sytyl + M)*) \yeL, FCyD} 



Remark 2.8 As a consequence of Proposition 12.71 (and in the situation de- 
scribed in that statement) we have the following: 

If I is a nonzero fractional ideal of R such that ICS and si C R for some 
s C S\ M, then I* C S for any star operation * on R. As a matter of fact, /* C 

I*S = r{M + sS) = DM + srS C (/A/)* + {sI)*S C M* + S = M + S = S. 

Proposition 2.9 LetT, K, M, k, D, (p, L, S and R be as in (jp^)- Let-k be a 
given star operation on the integral domain D, let * :^ ^"^ be the star operation 
on R associated to * (which is defined in Corollary \2.4\) and let *^ (= (*'^)ip) 
be the star operation on D associated to * (which is defined in Pror)osition \2.6\) . 




r}{p{I*)\yeL, FCyD} = p{I*) = lj 



{v-\F)y 



□ 



M 



Then* = *^ (= {*'^)^). 
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Proof. For each nonzero fractional ideal F of D and for each y G L such that 
F C yD, J := y~^F is a nonzero integral ideal of D. Set ly :~ (p^^{J) = 
'P^^iy'^^F) R). Note that ly is a nonzero ideal of R such that M C ly R, 
and so tp{Iy) = ly/M = J (C D). Moreover, we have 

(/,)* ^n{x-^^-^{[^y)\xeiy' x^o} 

= n{:.^-i((^^^)*)j lyCxRCK} 

= ((^^)'^) I iyCxM,xeK}) 

n (n^xip-^ {{^^—TT^y) I ly'^xRCK, but ly ^ xA/|) 
= (n {xA/ I ly C xAf , a; e /-C }) 

n (n\^xip-^ {{^^—TT^y) I C xi? C X , but /j, ^ xA/}) . 

• For the first component of the previous intersection, note that since M 
is maximal in S and M C ly C R, lyS — S. On the other hand, ly C xM, thus 
ip~\D) ^ RC S ^ lyS C xMS ^ xM. Therefore, we have 

r\{xM I IyCxMCK}D ip-\D) D ip'^ {{y~^F)*) . 

• For the second component of the previous intersection, note that 
x-^Iy C R and M C ly C R x^^IyS C S and lyS = S x-^ e S . 

On the other hand, if ly % xM [ly C xR) and G 5, then G S* \ 
AT, and so ip{x~^) £ ip{S \M) = L \ {0} . Note also that {x^'^Iy + M)/M = 
^(x-i)(/,/A/). 
Set 

/; := {(y-'Fr) ( D (y-iF) ^: ) , 
hence I'y/M = {y-'F)* = (ly/M)* . 
Then we have 

n{x(y9-l [[ '' 'if'^^ y) I C Xi? C if , but /j, ^ xAf } 

= n |x(/3-i (^(^(^(x-i)^^ ^ I ly CxRCK , but ^ xAI I 

= n |x(/j-i (<y3(a;"^) (|^) ) I lyQxR(^K , but /j, ^ xA/ | 

= n |x(y3-i (^(^(x^i)^^ I lyCxRCK, but ^ xAf I 
= n {x (x-1/^ + A/) I ly CxRCK , but /j/ ^ xAf } 

= n {/; + xAf I c xi? c x , but ^ xAT } = /; = ip-^ {{y'^F)*) , 

since for x = 1 we have ly C xR C K but /j^ ^ xAf. 

Note that the first component of the intersection representing (ly)* might 
not appear, but the second component necessarily appears, since at least for 
X :~ 1 we have that ly C xR C K but ly ^ xM. Putting together the 
previous information about the two components of the intersection, we have 

{^-Hy-'F)y = iiyr = ^-my-^Fr) . 
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Therefore we conclude that 

F*^ = n {yip (((^-1 {y-'F))*^ \yeL, FCyD^ 

= n{yip{{Iyr) \yeL, FCyD} 

= n {y^ ((^-1 {{y-'Fy)) \yeL, FCyD} 

= nly{y-^F)* \yeL, FCyD} 

= r\{yy-^F* \ y e L , F CyD} ^ F* . □ 

Remark 2.10 With the notation and hypotheses of Proposition\^^ for each 
nonzero fractional ideal F of D, we have 

F* = ip{^-\Fr) ■ 

As a matter of fact, by the previous proof and Proposition 12.71 we have that 

F* = F*^^ = v'-i(F)*'°/M. 

Corollary 2.11 Let T, K , M , k, D, ip, L, S and R he as in (Ja^)- 

(a) The map (— )ip : Star(i?) — ^ Star(£'), * i-^ =t=i^, is order-preserving and 
surjective. 

(b) The map (— : Star(Z)) Star(i?), * i-^ is order-preserving and 
injective. 

(c) Let -k he a star operation on D. Then for each nonzero ideal I of R with 
M C I C R, 

Proof, (a) and (b) are straightforward consequences of the definitions and 
Pronosition l2.9[ since {—)'^ is aright inverse of {—)ip (i.e., (— )^o(— = lst„(D))- 
(c) Let * := Then by Proposition |^| we know that *^ = *. Therefore, 
using Proposition 12 .71 we have 

W))^ = W)) = M = M = — ' 

and hence p"^ ({ip{I))*) = I*^ . ^ 

The next result shows how the composition map 

(-)^ ° (-)v : Star(i?) ^ Star(i?) 
compares with the identity map. 

Theorem 2.12 Let T, K, M, k, D, ip, L, S and R be as in (t>^). Assume 
that D C k. Then for each star operation * on R, 

* < ii*)^r ■ 

Proof. Let / be a nonzero integral ideal of R. For each nonzero x € if 
xl % M, then by Proposition O (^^)*" = ^^^^ ^ Now using 
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the fact M* = M for M ^ (0), we have 

= n \x-\-^ ((-i±M)*-) I x G , x ^ 0} 

= (njx-V"' ((t7^)*") I xei-i, a^T^O, x/2A/})n 

(n {x^iA'f I a; e a; 7^ , x/ C M}) 

D (n {a;- V"' (^TT^) I a: e /-I , a; ^ , a;/ 2 m|) n 

(n {a;-iA/* I X G /"S X 7^ , / C x-^M)) 
D (n ja:-i ((a;/)* + M) \ x e I-\ x ^ , xl g M}) n /* 
D (n jx-i ((a;/)*) \ X e X y^O, xl % M}) CM* =1* . □ 

In Section 3, we will show that in general * < {{*),p)'^. However, in some 
relevant cases, the inequality is, in fact, an equality: 

Corollary 2.13 Let T, K, M, k, D, ip, L, S and R he as in Theorem WM 
Then 

VR. = ((wfl)ip)'^ ; (vd)"^ = VR ; (u_r)(^ = vd ■ 

Proof. Use PropositionEni CorollaryETll (b) , Theorem l2A2l a,nd [26l Theorem 
34.1 (4)]. More precisely, note that < vd, and so vr < {{vr)^:,)'^ < 

{vdY ^ ^R- On the other hand, if [vr)^p < vd, then vr = {{vr)^)'^ < {vdY , 
which is a contradiction. □ 

Our next goal is to apply the previous results for giving a componentwise 
description of the "pullback" star operation o considered in Proposition 12. II 

Proposition 2.14 Let T , K, M, k, D, ip, L, S and R be as in (f)^)- Assume 
that M ^ (0) and D <Zk. Let 

$ : Star(i:») x Star(T) ^ Star(i?) , (★d,*t) ^ o (★p)'^ A (★t)S 
he the map considered in Proposition \2.1\ and Corollary \2.5l The following 
properties hold: 

(a) O^p 

(b) o,, = {vr),A*t (e Star(T)). 

(c) 0= (o^)-^ AK)^ 

Proof, (a) Without loss of generality, we only consider the case of integral 
ideals of D. Let J be a nonzero integral ideal of D and let / := (p~^{J). Since 
A/ C / C i?, we have IS = S, where S := f^^{L), and so IT = T. Therefore, 
by Proposition EZI and Corollary EIH (c), J"^ = ip{P) = ^(J**")"' n/**^)') = 

^(ii*nr n (/T)*^) = ^(i^*")" nT) = ip{i^*"^^) = (^((/^-^(j*^)) = j*". 

(b) Without loss of generality, we only consider the case of integral ideals of 
T. Let / be a nonzero ideal of T (in particular, / is a fractional ideal of R). Then 
for each x £ I'^ = {R -.r I), we have xIT ^ xl C R, so xl C (i? -.k T) ^ M. 
Therefore 

li*or = n{a;"V"H(¥'(a:/))*°) I X e I-\ a; 7^ 0} 
= f]{x-'^M I X e I-\ a: 7^ 0} = , 
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and so 

— J« — li^oY* p l*T — JUJ? Q l*T — l(vR)t Q J*T — j{vr)l/\*T 

Note that I*'^ (C is an ideal oi R. Moreover, is an ideal of T, because for 
each nonzero a; g T, xP' = n /*^) = {xlY"- n (x/)*^ C n 7*^ = . 

Finally, since *t is a star operation on T, it is easy to check that o, (restricted 
to F(T)) belongs to Star(r). 

(c) Since o < w_r < ((ffl)t)', (using also Example II .511 we have that 

o = {*Dr A (*t)' = {*Dr A ((ffl) J' A (*t)' 

= i*Dr A ((fi?),, A *t)' = (o^)-^ A (o,,)'. □ 

Example 2.15 With the same notation and hypotheses of Proposition \2.l4^ 
we show that, in general, 7^ ★t- 

(1) Let T := k[X, and let M := {X, Y)T. Then T is a 2-dimensional 
local UFD. Choose a subfield D :— L oik such that [k : L\ = 2. In this situation 
we have that T C (i? :^ M) C (T M), and (T :if M) = T because T is 
2-dimensional local UFD (hence, Krull) with maximal ideal M . Therefore, 
T = (R-.K M). By Example O (d), if *t := wt, then o = vr and M"^ = T. 
But M*' = Af* = A/''^ ^ M ^ Ar^ = M*^ . 

(2) Note that ^ *t, even if L ~ k. It is sufficient to consider a slight 
modification of the previous example. Let D be any integral domain (not a 
field) with quotient field L. Let T := L[X,y](^ yj and let M := iX,Y)T. Set 

0:= (w£,)'^A(?;t)'. ThenM*' = = M^"")" nM^"^)' =M''«nM(^^)' = M, 
because M and Af("^)' = (A/T)"^ = Ar^ = T. 

Remark 2.16 (a) Note that, with the same notation and hypotheses of Propo- 
sition [2^1 the map $ is not one-to-one in general. 

This fact follows immediately from Example 12.151 and Proposition 12.141 (b) 
and (c), since 

i*Dr A (*t)'' = o = (o^)^ A (o,)' . 
(b) In the same setting as above, the map $ is not onto in general. 
For instance, in the situation described in Example 12.31 (d), we have that 
dn ^ Im($). Another example, even in case L = k,is given next. 

Example 2.17 Let D be a 1-dimensional discrete valuation domain with quo- 
tient field L. Set T := L[X^, X^], M := X^L[X] = XL[X]nT and K := L{X). 
Let if and R be as in (t>+). Then ^ Im($). 

Note that, for each o e Im(<f>), o < (vd)'^ A (ut)' < vr. In order to show 
that Vr ^ Im(<I>), it suffices to prove that (vd)'^ A (vt)'' ^ vr. The fractional 
overring T of i? is not a divisorial ideal of R, since T^^ = (i? :k {R :k T)) = 
(i? -.K M) D L[X] D T. Therefore, T'^^'^y^M' = y^'«A(«T)' ^ y«B p T^^tY ^ 

iJ^VR p rpvT — ^VR Q y = y C 

Theorem 2.18 With the notation and hypotheses of Proposition \Fl^ set 
Star(r;«H) := {*t G Star(T) | *t < (vr),}. 

Then 
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(a) Star(r; vr) = {*r e Star(T) | {vr A (*t)'), = *t } 

= {*,, I * e Star(i?)} n Star(T) 
= {*,, I * e Star(i?) and T* = T} . 

(b) The restriction $' :~ ^|star(D)xStar(T;i;fj) one-to-one. 

(c) Im($') = Star(i?; (t)+)) := {* G Star(i?) | T* = T and * = (*^)'^ A 

Proof, (a) We start by proving the following: 

Claim. Let *t G Star{T;vR) and let *d G Star(Z)) be any star operation 
on D. Set, as usual, o := {*d)'^ A (★t)'- Tiien o, = ★t-. 

Note that, by Corollarv [2^3l o = $((*d,*t)) < « := $((wd,*t)) = (wn)'^ A 
(*t)' = Wi? A (★t)' G Star(i?) . Hence, by using Theorem lO^ Cbl. ExamplesO 
(h) andO(b), we have (i'fl)tA*T = *t < = (wi?. A(*r)'), = (wfl)^ A((*t)')i = 
{vr)l a *t , thus Ot = *t = *T , because *t G Star(r; vr). 

From the previous argument we also deduce that 

*T < {vr), ^ {vr a (★t)'),, = *T ■ 

Now, let * G Star(i?) be a star operation on R such that G Star(T). 
Then obviously *t < {vr)^, whence *t G Star{T;vR), and T* = T*' = T. 

If * G Star(i?) is such that T* = T , then clearly we have *c G Star(r). 

If *T G Star(T;ui^), then by the Claim, -a-t = with o G Star(i?), hence 
★t G {*J * G Star(i?)} n Star(T). 

(b) is a straightforward consequence of the Claim and of Proposition 12.141 

(a). 

(c) follows from the Claim and from Pronosition l2.14l (a) and (c). □ 

We next apply some of the theory developed above for answering a problem 
posed by D. F. Anderson in 1992. 

Example 2.19 ("ID + M"-constructions). 

Let T be an integral domain of the type k-\- M, where M is a maximal ideal 
of T and k is a subring of T canonically isomorphic to the field T/M, and let D 
be a subring of k with field of quotients L {C k). Set R := D + M. Note that 
i? is a faithfully flat ZJ-module. 

Given a star operation * on R, D.F. Anderson |S1 page 835] deflned a star 
operation on D in the following way: for each nonzero fractional ideal F of D, 

SGt 

:= (FR)* riL. 

Note that FR = F + M. From (HI Proposition 5.4 (b)] it is known that for each 
nonzero fractional ideal F o{ D, 

(1) + M= (F + M)* ; 

(2) = (F + A/)* r\L^{F + M)* n k . 

Claim. If ip : R ^ D is the canonical projection and if *^ is the star 
operation defined in Proposition \2. 61 then *d = 

In particular, by (HI Proposition 2 (a), (c)], we deduce that 
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(a) {(Ir)^ = do , (ifl)i^ = to , {vr.)^ = I'D , and 

(b) (*/)^ = (*^)/ . 

Note that if ?/ is a nonzero element of the quotient field L of D, then y 
belongs to k, and thus, y is a unit in T and so y~^M = AI. Therefore, for each 
y € L such that F C yD, we have 

yifi ((^-1 (y-^F))*) = ((y-i^^ + A/)*) = ((y-^F + y-'M)*) 

= (y-i (F + A/)*) = y^ (y-i(F*- + M)) 
= yif [y~^F*'^ + y~^M) = yip {y^^F*^ + M) 
= y{y-^F*^)=F*^, 

hence (Proposition ESIl F*-^ = 

By applying Proposition 12 .91 and Corollary 12 .111 (a) to the particular case of 
R = D + M (special case of (t>^)), we know that the map 

(-)^ : Star(i:» + M) StariD), * x=y = , 
is surjective and order-preserving and it has the injective order-preserving map 

{-y : Star(L») ^ Star(i:> + M), ★ ★'^ , 
as a right inverse. This fact gives a complete positive answer to a problem posed 
by D.F. Anderson (cf. page 226]). 

3 Transfer of star properties 

In this section we want to investigate the general problem of the transfer -in 
the pullback setting- of some relevant properties concerning the star operations 
involved. In particular, we pursue the work initiated by D.F. Anderson in P] 
for the case of the "D -I- A4^"-constructions. We start by studying which of the 
properties (a) and (b) of Example 12.191 hold in a more general setting. 

Proposition 3.1 Let T, K, M , k, D, L, ip and R be as in (t>^). 

(a) Let TZ := {R\ \ A G A} &e a family of overrings of R contained in T such 
that n{i?A I A G A} = i?, and let V := {Dx := f{Rx) \ A e A} 6e the 
corresponding family of suhrings of k (with n{D\ \ \€ K} = D), then 

(b) // V := {Dx I A G A} «s a family of overrings of D such that r]{Dx \ 
A G A} = Z? and if TZ ;= {Rx ■= Lp^^{Dx) | A G A} is the corresponding 
family of suhrings of T (with n{Rx \ A G A} = i?^, then in general 

*TZ < (*27)^ . 

Proof, (a) Note that in the present situation ip^^{Dx) = Rx for each A G A , 
D = r\{Dx I A G A}, and for each nonzero fractional ideal J of D, J^*^)^ = 
(((^"^(J))*^) (Proposition |2J|). Moreover, 

ip {icp~\J)r^) = ip {n{ip-HJ)Rx I A G A}) 

= ip{n{ip-HJ)ip-HDx) I AG A}) 

= ^ {ip-'{n{JDx I A G A})) = ip {ip-HJ*^)) = J*^ ■ 



19 



(b) Note that (piR\) = ip{ip-'^{Dx)) = Dx for each A G A. Therefore, by 
(a), {*Ti)ip = *T>, thus {{*-R.)ifi)'^ = If D = k, then D = L is a field, thus 

V = {D} and 7^ = {R}. So, obviously, -kn ^ cLr < . U D C then the 
conclusion follows from Theorem 12. 121 □ 

ProDosition l3.1l ('al can be generalized to a statement concerning a surjective 
homomorphism between two integral domains: 

Proposition 3.2 Let R, K , M , D, ip be as in Corollary \2.4\ Let {*\ | A G A} 
be a family of star operations of R. Then 

Proof. Let J be a nonzero fractional ideal of D and let y be in the quotient 
field LoiD. Then 

ja(*a),, = n{j(*^)^ I A G A} 

= n {{r\{yp{{^-\y-\J)Y-) I J C yD}) I A G A} 

= n |2/(n{^ {{^-\y-\J)r-) I A G A}) I J C yi^} 

= n [y^ {^{{^-\y-\T))*- I A G A}) \JQyD) 

= n {y^ ((^-1(2/^1 J))^*-) I J C yZ?} = J(^*-)- . □ 

Proposition 3.3 Let R, K , M , D, ip be as in Corollary \2.4\ Then 

(.du)^ = do ■ 

Proof. For each nonzero fractional ideal J of D, we have 

J('^«)- = n |y-V {yJ))"") I y G J-i , y ^ o} 

= n{2/-V((^-M2/^))) I yG J-i, y^O} 

= n{y-i(yJ) I ye J-1, y^o} = J = J-^^. □ 

The next couple of examples explicitly show that the inequalities in Theorem 
12.121 and Proposition 13.11 (h) can be strict inequalities (i.e., * < {[*)ipY ^ind 

Example 3.4 Let T, K, M, k, D, ip, L, S and R be as in (Ja^). Assume, 
moreover, that T is local with nonzero maximal ideal M, D ^ L is a proper 
subfield of k, and that T C AI^^ = (R : M). In this situation, 

dn. < {doY = {{dR)^Y . 
With the notation of Proposition |0] (b) , take V := {£*}, hence TZ = {R}, 
thus -kj) ~ do ~ vd and *7?, = dfl. In this situation, by Corollary 12.131 
= vr. Therefore, by Proposition 13.31 and Example 12.31 ic) and (d), 
{-kvY = {doT = {{dR)^Y ^ VR >dR= *n- 

Note that it is possible to give an example in which * < and dR < 

(dn)'^, even in the case that D <Z L = k: 
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Example 3.5 Let D be a 1-dimensional discrete valuation domain with quo- 
tient Reld L. SetT := L[X'^,X^], M := X^L[X] = X L[X]nT and K := L{X). 
Let ip and R he as in (t>^) with L = k. Then, da < vr = {{dRjip)"^ . 
Since (dfl)^ = djj ^ vd and (wd)''' = fCorolla,rv l2.13ll . we have {{dn)^)'^ = 
vr. Now consider, for instance, the fractional ideal T of R. We know, from 
Example 1233 that T is not a divisorial ideal of i?, i.e., T'^'^ ^ T < T"«. Thus 
we have da <vr = {{dnj^Y . 

The next goal is to show that — to (but, in general, tji < {to)'*' = 

((iij)v)'^)- We start with a more general result concerning the preservation of 
the "finite type" property. 

Proposition 3.6 Let T, K, M, k, D, ip, L, S and R he as in ijp^)- Let * he 

a given star operation on the integral domain R. 

(a) // * is a star operation of finite type on R, then *ip is a star operation of 
finite type on D. 

(b) // * is any star operation on R, then {*f)ip = (*<p)/ • 

Proof, (a) To prove the statement we will use the following facts: 

(1) For each integral ideal / of i? such that M C /, (jg)*" = = 
ip{I*) = 11 (Proposition EB. 

(2) For each nonzero ideal / of R, {I + M)* D /* + M. 

(3) For each nonzero ideal J of D and for each y E L with J C yD, if Fy 
is a finitely generated ideal of R such that Fy C ly ip^^ [y^^j) , then y(p{Fy) 
is a finitely generated ideal of D with yip{Fy) C J. 

For each nonzero ideal J of D, we have 

= n Lip {y-'J))*) \yeL, jcyu} 

^n{yip{ly*) \yeL, JCyD} 

= n {y^ (U {F/ I Fy C ly, Fy e fiR)}) \ yeL, JCyD} 
= n {U {yip (F/) I Fy C ly, Fy e fiR)} \ y e L, J C yD} 

= n |u }y^^^ I Fy c ly, Fy e /(i?)} \ yeL, jc yD^ 
c n |u I Fy c /j,, G fiR)} \yeL, JCyD^ 

= n{u{y(^)*" c/^, e/(i?)} lyeL, J c yi?} 

= nju|j/(¥^(Fy))*- iFyC/,, G/(i?)} I j/eL, JCyl?} 
= n {U liyipiFy))*- I F^ C ly, Fy e /(i?)} I y G L, J C 
cn{U{G*- |GC J, G G /(/?)} I y G L, J C yi?} 
= U{G*^ I G c J, G G /(£>)} c J*»' , 

where we may assume each Fy % M so that we can use Fact (1). 
Thus, J**- = U {G*^ I G C J, G G /(-D)}. 
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(b) Since both and {*^p)f are star operations of finite type on D by 

(a), it suffices to show that for each nonzero finitely generated ideal J of D, 
ji*f)^ = J(*^)/. Recall that if J is a nonzero finitely generated ideal of D, then 
(p^^{J) is a finitely generated ideal of R jSDl Corollary 1.7]. Therefore 

Ji*.)f = J*. = ^(^-1 (y-iJ))*) \yeL, JCyo} 

^ J(*/)^ . □ 

Proposition 3.7 Let T, K , M , k, D, ip, L, S and R be as in (f)^). Then 

Proof. Easy consequence of Corollary 12 . 131 and Pronosition 13.61 (h). 

Remark 3.8 In the same situation of Examnle l'i.fA choosing D to be a Dede- 
kind domain with inhnitely many prime ideals, we have 

tR < {toY = {{tR)^Y . 

Using Proposition 13.71 we have {to)'*' = {{tR)ipf ■ We claim that, in the 
present situation, the set of the maximal tj^-ideals of R coincides with Max(i?). 

Note first that since dim(T) = 1, the contraction to R of each nonzero prime 
ideal of T has height 1 ^Hl Theorem 1.4], so it is a ii?- prime of R [SS Corollaire 
3, p. 31 ]. Let Q S Max(i?). If Q ^ Af, then Q is the contraction of a prime ideal 
of T, so Q is a t/j-prime. If Q 3 M, then % = {%Y° = ^ by Proposition 
12.71 and hence we have Q"" = Q. Therefore, in this case also, Q is a t/?-prime. 

Note that M is a divisorial prime ideal in i?, hence in particular M is a prime 
t_R-ideal and it is contained in infinitely many maximal (tfl;-) ideals, therefore 
R is not a TV-domain, i.e., tfi ^ vr [311 Theorem 1.3 and Remark 2.5]. Since 
{{dR)^Y = {doY = [vdY = VR, automatically we have {{tR)^Y = (toY = 
Vr. Thus, in this example, we have tR < {t^Y . 

Note also that this example shows that if * is a star operation of finite type 
on D, then ★'^ is a star operation on R, which is not necessarily of finite type 
(e.g. take * := to = (tR)^). 

In the pullback setting that we are considering, it is also natural to ask about 
the transfer of the property of being a "stable" star operation. 

Proposition 3.9 Let T , K , M , k, D, ip, L, S and R be as in (Ja^) and let * 
be a star operation on R. Then 

*v = (*¥>) ■ 

Proof. If D ~ k, then since D ~ L is a. field, obviously we have — (*,^). 
Assume that D C k. 

Let J be a nonzero integral ideal of D and let / := (^~^(J). We first show 

that J*^ C J^*-p\ By Proposition 1221 J*"^ = ^- Moreover, recall that J^*'^^ = 
{y ^ D \ yJi C J for some finitely generated ideal Ji of D such that Ji*' = D} 
[respectively, I* = {x E R \ xli C / for some finitely generated ideal Ii of 
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R such that = R}]. Let y G J*^. Then y = Lp{x) for some x e I*. So 
i/i C / for some finitely generated ideal Ii of R such that !{ = R. Set 
Ji := <y3(/i) = "^^aT^- Then Ji is nonzero finitely generated, and by Proposition 
Vm J*" = ^ fi^D. Since xh C /, yJi = ^{xh) C ^(/) = J, and 

hence y G J'^*f\ 

Conversely, let J be a nonzero integral ideal of D. If y G J^*"^-* = J^**")/ = 
ji*/)^ f Proposition 13.61 (h)). then yJi C J for some finitely generated ideal Ji 

such that J^*^^*" = D. Set /i := y'"^!^!)- Since jf^^" = ^ = D (Proposition 
I2.7|l . = i?. Therefore, there exists a finitely generated subideal Iq of /i such 
that /q = R. Write y := (p{x) for some x e R. Since x/q C x/i C / := (^^^(J), 
a; G /*, and hence (using Proposition again) y £ jj = J'-*-'*'. □ 

Corollary 3.10 Lei T, X, Af, fc, D, ip, L, S and R be as in {\>+). Then 

{wr)v = WD ■ 

Proof. Recall that wr = vr and wd = vd- The conclusion follows from 
Proposition EHI ^ 

Remark 3.11 The example considered in Remark\^^ shows that we can have 

Since Max(i?) = M{tR) (= the set of the maximal i^-ideals, according to 
the notation in ExamDle ll.3l fell, wr^ = *M(tR) = ^r. In particular, T™'* = T. 
On the other hand, we know that {{dR)^p)'-f = {dnY = {vdY = ^R- Thus we 
have [[wr)^)'^ = [wd)"^ = vr. As we have already noticed fExamnle I3.5|l . T 
is not a divisorial ideal of i?, i.e., T"^ ^ T = T^r_ Thus, in this case, we have 
wr < [wdY- 

Since the stable star operation * is a particular type of spectral star oper- 
ation, the next goal is a possible extension of Proposition 13.91 to the case of 
spectral star operations. We start with the following: 

Lemma 3.12 Let T , K , M , k, D, ip, L, S and R be as in (t>^)- Assume that 
DCk. 

(a) Let P be a prime ideal of R containing M. Set Q := (p{P) and R{p.ip) ■= 
^-^Dq). ThenR(^P^^)=RpnT. 

(b) Let A(y^ 0) C Spec(i?) and assume that * tIta G Star(i?). Set Ai := 
{P G A I P D M}. For each nonzero integral ideal I of R containing M , 
we have , , . . 

r = n{/i?(p,^) I pg Ai}. 

(Note that Ai ^ 0.; 

Proof, (a) is straightforward. 

(b) If Af = (0), then A = Ai and R{p.<p) = Rp, so it trivially holds. Assume 
that A/ ^ (0). Let / be an integral ideal of R containing M. Recall that for 
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each P S A \ Ai, there exists a unique P' € Spec(r) such that P' C\ R = P and 
Rp = Tpi Theorem 1.4], hence in particular Ai 7^ (otherwise *a would 
not be a star operation on R). We have 

/* = n{/i?p I P e A} = (n{/Pp | P e Ai}) n (n{/Pp | P e A \ Ai}) 
= (n{/i?p I P e Ai}) n (n{Pp | p e A \ Ai}) 
D (n{/Pp I P G Ai}) n T D n{/P(p,^) | p e Ai} . 

Conversely, let a; G /* and let P G Ai (which is nonempty). Then there 
exists s € R \ P such that sx G /. Since (p{s) G D \ (p{P), (p{s) is a unit 
element of D^{p), and hence there exists t G R(p.ip) such that (/7(i)(p(s) = 1, or 
equivalently, ts — 1 G A/. Put ts — 1 =: m G Af, then isx = (1 + m)a; = x + ma;. 
Since tsa; G IR(^p,^) and ma: G A//* C MR = A/ C / C IR(^p^^-^, we have 
a; = tsx — ma; G IR(^p^y □ 

Proposition 3.13 Let T, K, M , k, D, ip, L, S and R be as in (J)^). Let A 
be a nonempty set of prime ideals of R and assume that * := *a G Star(P). 
Set A^ := {ip{P) I P G A, P D M} (C Spec(i:')). Then 

Proof. If D = fc, then since D = Lisa field, we obviously have (*A)tfi = *A^, • 
Assume that D C k, then A^p ^ 0. Let J be a nonzero integral ideal of D and let 
/ := ip-\J). Set Ai = {P G A I P D A/}, hence A^ = {ip{P) \ P e Ai}. Since 
/ is an integral ideal of R containing M, I* = n{/i?(p.^) | P G Ai} by Lemma 
13.121 (h). and so, using Pronosition 12.71 we have J*" = (p{I*) = n{(^(/)£';p(p) | 

p G Ai} = n{ JD^(p) I p G Ai} = n{ jdq I g g a^} = j-^^- . □ 

Remark 3.14 (1) Note that from Proposition 13.131 we can deduce another 
proof of Proposition 13.91 As a matter of fact, for each star operation * on 
R, * ~ -*A, where A := A4{*f) fExamnle 11.31 (e)). In the present situation, 
Ai ~ {P G Mi'ff) I P ^ M}. By using Proposition O and Proposition El 
(b), it is easy to see that 

PgAi ^ Q :=(^(P) GX((*^)/). 

(2) Note that if * :— ★a is a spectral star operation on D, then ★'^ is not 
necessarily a spectral star operation on R (in particular, (^a)*^ ^ *A»', where 
A'fi := {P G Spec(P) | ^(P) G A}). 

To show this fact, let D be a 1-dimensional discrete valuation domain with 
quotient field L and maximal ideal TV. Let T := i|X^,Ar^] and let M := 
X^L|X] = XL [AT] n T. Under these hypotheses, let R be the integral domain 
defined (as a pullback of type (J)^)) from D, T and the canonical projection 
(f : T ^ L. Then, i? is a 2-dimensional non-Noetherian local domain. Let A := 
Max(P») = {N}. Then ★ := ★a = dp> = vd and ★'^ = (up,)'^ = vr (Corollary 
I2.13|l . Since A"^ = Max(P), ★a*' — dp. Suppose that *f is spectral, then by 
Pronosition l3.13l a,nd Pronosition l2.9l we have necessarily that ★'^ coincides with 
★A''', i.e., vp = -k"^ ^ ★av ~ dp. This is a contradiction, since T"^ = {R :k 
(P -.K T)) = (P -.K M) 3 LIX\ D T = T''". 
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Proposition 3.15 LetT, K, M, k, D, ip, L, S and R be as in (J)"''). //* is an 

a.b. [respectively, e.a.b.] star operation on R, then *^ is an a.b. [respectively, 
e.a.b.[ star operation on D. 

Proof. Let J be a nonzero finitely generated ideal of D and let Ji, J2 be two 
arbitrary nonzero ideals of D such that {JJi)*f C {JJ2)*^. Set / := ip^^{J), 
li := ip~^(Ji) for i = 1,2. Since J is finitely generated and IS = S (because 
I D M and M is a maximal ideal of S) , there exists a finitely generated subideal 
Iq of / such that ^fiilo) = J and IqS — S. Then, by Proposition 12.71 we have 
{loh + M)* C (/0J2 + M)*. Note that loli 2 hM = IqMS = IqSM = SM = 
M for i = 1,2, thus we have (IqIi)* C (/o/2)*. Since Iq is finitely generated 
and * is an a.b. star operation, Ii* C I2* and so Ji**" C J2**°. The statement 
for the e.a.b. case follows from Proposition 13.61 (h) and from the fact that * is 
e.a.b. if and only if */ is a.b.. □ 

Remark 3.16 (1) Under the assumption of Prop osi tion I . 1 ,5l if vr is e.a.b., 
then {vR)tp = vd is e.a.b.. In other words, if R is a vn-domain, then D is a 
VD -domain [221 page 418]. 

(2) Let * be an a.b. [respectively, e.a.b.] star operation on D. Then, in 
general, -k"^ is not an a.b. [respectively, e.a.b.] star operation on R. 

To show this fact, take D, T and R as in Remark 13.141 (2). Since Z? is a 1- 
dimensional discrete valuation domain, its unique star operation du{~ bu — vd) 
is an a.b. star operation (and hence an e.a.b. star operation). Since R is not 
integrally closed (because X e if \ i? is integral over R), R has no e.a.b. star 
operations (and hence no a.b. star operations). 

Note that it is possible to give an example of this phenomenon also with R 
integrally closed. 

Example 3.17 Let D be a 1-dimensional discrete valuation domain with quo- 
tient Held L, let T L[X,Y] and M := {X,Y)L[X,Y]. Under these hypothe- 
ses, let R := D + {X, Y)L[X, Y] be the integral domain defined (as a puUback 
of type (l)^) ) from D, T and the canonical projection (p : T ^ L. Then [bD)"^ 
is not e.a.b. (and hence not a.b.) on R. 

Note that M is a divisorial ideal of R of finite type, in fact, M ~ I"""' , where 
/ := {X,Y)R. Now, choose ai,a2 G \ (0) such that aiD ^ 02!? (e.g. put 
oi a, 02 := a^, where a is a nonzero nonunit element in D). Set Ii := aiR 
and I2 aai?. Then (//i)"^ = (aJY" = a,/"« = aiM = M (where the 
last equality holds because Oi is a unit in T) for each i = 1,2. Thus we have 
(//i)''« = (//2)''«. On the other hand, since (/O"" = = a^R = a,{D + M) = 
ttiD + M for each i = 1,2, and aiD % a2D, we have that {hY^- % {hf- ■ 
Therefore, vr is not an e.a.b. operation. Since D is a 1-dimensional discrete 
valuation domain, the unique star operation do — bjy — vd on D is an a.b. 
star operation (and hence an e.a.b. star operation), but vr — (vdY (Corollary 
I2.13|l is not e.a.b. (and hence not a.b.). 

Recall that given an integral domain T, the paravaluation subrings of T, in 
Bourbaki's sense Chap. 6, §1, Exercise 8], are the subrings of T obtained as 
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an intersection of T with a valuation domain having the same quotient field as 
T . It is easy to see that if i? is a subring of T then the integral closure of i? in T 
coincides with the intersection of all the paravaluation subrings of T containing 
R [H Chap. 6, §1, Exercise 9]. 

Lemma 3.18 Let T , K , M , k, D, ip, L, S and R be as in (t>^). Assume that 
D C L = k. Assume, moreover, that D is integrally closed (or equivalently, that 
R is integrally closed in T). Let V :~ 'P{R, T) [respectively, V; Vi; W] he the set 
of all the paravaluation subrings of T containing R [respectively, the set of all 
valuation overrings of R; the set of all valuation overrings (V^i, A^i) of R such 
that iVi n i? 3 M; the set of all the valuation overrings of D[. Set hp>^T '■= 
[respectively, Br := *v/ *i ■= *Vij' bo ■= *w / Then 

(a) &_R,T [respectively, bo] is a star operation on R [respectively, on D[; bn 
and -ki are semistar operations on R. Moreover, 

bR,T < *i A ★{T} < bn . 

(b) {bR,T)v = bo- 
le) Lf R is integrally closed (which happens if T is integrally closed), then 

*i A ★{T} o,nd bji are star operations on R. Moreover, {bn),^ ~ bo and 
bR < {boY. 

(d) IfT:=V is a valuation domain, then bRT = *i = *i /^^{t} ~ bR . 

Proof. Note that if {V2,N2) G V \ Vi, then N2 Ci R ^ M, and so there 
exists a unique prime ideal Q2 in T such that Rn^nR = TQ2 SHI Theorem 1.4]. 
Therefore V2 2 RN2nR = Tq^ 3 T. 

(a) The first part of this statement is an obvious consequence of the defini- 
tions and the assumption that R is integrally closed in T (and equivalently, D is 
integrally closed Corollary 1.5]). For each / e we have = n{/y | 

V ev} = (n{/i/i I Vi e vj) n (n{/i/2 1 1^2 e V \ vj) 3 {n{iVi \ e Vi}) n 
IT = /*! n/*f^} D (n{/(yi nr) | Vi e vj) d (n{/(y nT) | y e v}) = /''«-^. 

(b) Note that since L is a field, the paravaluation subrings of L containing D 
coincide with the valuation rings in L containing D |14l Chap. 6, §1, Exercise 8 
d)]. Moreover, if is a valuation overring of D, then ip~^(W) is a paravaluation 
subring of T containing R ^| Chap. 6, §1, Exercise 8 c)]. On the other hand, 
if y n T is a paravaluation subring of T (where V is a valuation domain in 
the field K, quotient field of R), then necessarily (p{V' fl T) is a paravaluation 
subring of ip{T) = L, i.e., it is a valuation domain in L containing D |14l Chap. 
6, §1, Exercise 8 d)]. Therefore, for each J G F{D), (p-i(J^°) = {(p-^{J))'"^-^ . 
Now, we can conclude, since we know that for each J £ F{D), ji^R.T)v = 
(((y3-i(^))''"'^)/M (Proposition 1221). 

(c) If R is integrally closed, then 6^ is a star operation on R jJHJ Corollary 
32.8], and so by (a) it follows that *! A *{t} is also a star operation on R. 

Let W = {W^A I A e A}. For each A e A, let i?A := ip'^{Wx). Then, by 
the argument used in the proof of (b), we have V — {Rx | A e A}. Denote by 
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A' the integral closure of an integral domain A. Since R\ is integrally closed 
in T, Rx = Rx n T. Let l\ : Rx ^ Rx and lx '■ Rx ^ T he the canonical 
embeddings, and set *x '■= (^Aa')'^ ^ ('^t)'^ for each A G A (note that (dr)'^ 
coincides with the semistar operation on i?A ). Then =ka is a star operation 
on Rx (see also (21 Theorem 2]). 

Claim 1. Let I be an integral ideal of R properly containing M. Then 
(IRx)*' ^IRx. 

Let Qx be the maximal ideal of the valuation domain Wx- If ip{IRx) = 
^-M^ yQx for all y € L \ (0), then since ^p{IRx) is a divisorial ideal of the 
valuation domain Wx, •^{IRx) = ip{{IRx)*^) (and hence, {IRx)*'' = IR\) by 
Pronosition 12.71 Assume that ip{IRx) ~ ^jf^ ~ yQx for some y e L \ (0). 
Choose s e S\M such that (p{s) = y and let Pa := 'P'^iQx) C Rx- Then 
IRx = sPx + M, and by the Claim in the proof of Proposition 12. 7L we have 
{IRx)*"- = sPx*'' + M. By (b), Rx^VxCiT for some valuation overring Vx of 
R, which has center Pa on Pa, thus Pa*^ = (PaPa')''"^' HPa^ C PxYxHT = Pa. 
Therefore, in either case, we have (/Pa)*^ = IRx- 

Claim 2. (&fl)^ < (6i^,T)^ (= bo by (b)). 

It suffices to show that for each nonzero integral ideal J of D, C 
j{bn.T)v ^ i.e., for each integral ideal / of P properly containing M, C I'^r t ^ 
Let / be such an ideal. Then /''"'^ = n{/PA | A G A} = n{(/PA)*^ | A G A} = 

n{(/PA')''''^' n /T I A G A} = n{((/PA')''"^' n t | A g A} = n{((/PA')''''^' I A g 

A} n T = n {n{/y | F G Va := {valuation overrings of Pa'} } | A G A} n P D 

n{/y |y G V} = /''«. 

Therefore, by Claim 2, (a), and the first part of (c), we conclude that [hn)^ = 
bo- Finally, by Theorem [2111 we have hn < {{bi{)^Y = {hoY ■ 

(d) If T := y is a valuation domain, then each valuation overring of P is 
comparable with V . As a matter of fact, if V is a valuation overring of P and 
V % V, then there exists y e V \ V , hence y"^ G Af, thus for each v & V, 
we have v = v{y~^y) = {vy^^)y G AIV' C V' . Therefore, V C V' . Prom 
this observation, we immediately deduce that when T is a valuation domain, 
bR,T = ★! = *! A =bR. □ 

Remark 3.19 In a pullback situation of type (J)"'"), when D is integrally closed, 
we have already noticed that if P is not integrally closed, then there is no hope 
that {boY = bR (Remark EI1(2)). More explicitly. Example EI3 shows that 
we can have bn < {boY , even when P is integrally closed. The next example 
shows that b^ < [boY is possible even under the hypotheses of Lemma T^. 181 
(d). 

Example 3.20 Let T := V he a valuation domain with maximal ideal M and 
let ip : V ^ V/M =: k be the canonical projection. Let D be a Dedekind 
domain with inGnitely many prime ideals and with quotient field L = k. Set 
R := ip-\D). Then bn < {boY ■ 

By the same argument as in Remark I8.8L we can see that P is not a TV- 
domain, i.e., tji ^ vr. Meanwhile, since P is a Priifer domain, bji = dji ~ tn, 
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and since D is a Dedekind domain, bn = vu and so = {vd)''^ = 

(Corollary EHIl. Therefore, we have hn = Ir <vr = {boY . 
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